A-branes and Noncommutative Geometry by Kapustin, Anton
ar
X
iv
:h
ep
-th
/0
50
22
12
v1
  2
3 
Fe
b 
20
05
A-branes and Noncommutative Geometry
Anton Kapustin
California Institute of Technology, Pasadena, CA 91125, U.S.A.
October 26, 2018
Abstract
We argue that for a certain class of symplectic manifolds the cate-
gory of A-branes (which includes the Fukaya category as a full subcat-
egory) is equivalent to a noncommutative deformation of the category
of B-branes (which is equivalent to the derived category of coherent
sheaves) on the same manifold. This equivalence is different from Mir-
ror Symmetry and arises from the Seiberg-Witten transform which
relates gauge theories on commutative and noncommutative spaces.
More generally, we argue that for certain generalized complex mani-
folds the category of generalized complex branes is equivalent to a non-
commutative deformation of the derived category of coherent sheaves
on the same manifold. We perform a simple test of our proposal in
the case when the manifold in question is a symplectic torus.
CALT-68-2544
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1 Introduction and Summary
It is well-known that to any Calabi-Yau manifold X one can attach two
categories of topological D-branes: the category of A-branes and the category
of B-branes. The former is an invariant of the symplectic structure on X ,
while the latter is an invariant of the complex structure onX . The category of
B-branes has been argued to be equivalent to the bounded derived category
of coherent sheaves on the complex manifold X , while the category of A-
branes is closely related to the Fukaya category of X . These categories play
an important role in the mathematical interpretation of Mirror Symmetry
proposed by Maxim Kontsevich [1].
Our understanding of the category of A-branes is much less satisfactory
than that of the category of B-branes. This is true even on the level of ob-
jects. Originally it was thought that any A-brane is isomorphic to a “twisted
complex” of objects of the Fukaya category, each of which is a Lagrangian
submanifold carrying a vector bundle with a flat connections. However, it
became clear more recently that on some manifolds there exist A-branes
of a different kind (coisotropic A-branes) [2]. It is not completely clear at
present how to enlarge the Fukaya category to include such objects.1 An-
other problem is that the definition of morphisms in the Fukaya category is
very complicated.
From the point of view of Mirror Symmetry, there is an obvious asymme-
try between the definitions of A-branes and B-branes. The derived category
of coherent sheaves is defined in an essentially algebraic way, while the Fukaya
category has a more geometric flavor. This asymmetry makes it difficult to
establish the equivalence of categories predicted by Mirror Symmetry. For
example, it is clear that the Mirror Transform for tori is closely related to
the Fourier-Mukai transform for the derived category of an abelian variety,
but it is hard to make this analogy precise. It would be very beneficial to
have a more algebraic description of the category of A-branes, say in terms
of modules over some algebra or a sheaf of algebras. It was conjectured by
many people (see e.g. Ref. [3]) that this algebra is related to the deformation
quantization of the symplectic manifold in question, but the precise relation
remained elusive.
Recently, there was an attempt to make complex and symplectic geometry
1One possible approach proposed by M. Kontsevich is to consider the Karoubi envelope
of the Fukaya category.
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more similar by regarding them as special cases of a more general geometry,
named “generalized complex geometry” [4, 5]. The role of generalized com-
plex (GC) geometry in physics was discussed in Refs. [6] – [15]. In particular,
it was argued in Refs. [6, 10] that to any “generalized Calabi-Yau” one can
attach two categories of “generalized complex branes.” The geometry of gen-
eralized complex branes has been discussed in Refs. [6, 8], while morphisms
between them have been studied in Ref. [15]. It was also argued in Ref. [6]
that for a certain class of generalized complex manifolds the category of gen-
eralized complex branes is equivalent to a noncommutative deformation of
the derived category of a complex manifold.
In this note we make a step toward a more algebraic description of the
category of A-branes for a certain class of holomorphic symplectic manifolds.
For these manifolds we argue that the category of A-branes is equivalent
to a noncommutative deformation of the category of B-branes on the same
manifold. We also identify a class of generalized complex (GC) manifolds
for which a similar statement holds. Unlike Mirror Symmetry, this new
equivalence relates A-branes and B-branes on the same manifold, and does
not involve T-duality. In both cases, we make essential use of the proposal of
Ref. [6] concerning the relation between a certain class of generalized complex
manifolds and noncommutative complex manifolds.
Let us formulate our claim concerning the category of A-branes more pre-
cisely. Let X be a compact complex manifold with a holomorphic symplectic
form Ω. Let f and ω be the real and imaginary parts of Ω. We will require f
to have periods which are integral multiples of 2π. In this case we will argue
that the category of topological D-branes of type A for the symplectic man-
ifold (X,ω) is equivalent to the category of B-branes on a noncommutative
deformation of the complex manifold X in the direction of the holomorphic
bivector Ω−1.
The simplest example of a holomorphic symplectic manifold satisfying
the conditions of the previous paragraph is the product of a symplectic torus
(X = V/Γ, ω) and its dual Xˆ = V ∨/2πΓ∨ with the symplectic form −ω−1.
The natural complex structure in this case is
J =
(
0 −ω−1
ω 0
)
,
where we used the obvious integral basis. The corresponding 2-form f is the
curvature of the Poincare` line bundle on X × Xˆ .
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The outline of the paper is as follows. In section 2 we provide a brief
review of GC structures and associated categories of topological D-branes.
In section 3 we give an argument relating the category of A-branes on a holo-
morphic symplectic manifold of the kind described above and the category of
B-branes on a noncommutative deformation of the same manifold. We also
give a similar argument for a certain class of GC manifolds and the corre-
sponding categories of GC branes. In section 4 we make our proposal more
concrete in the case when X is a torus and perform a simple test. Additional
remarks are collected in section 5.
2 Generalized complex structures and gener-
alized complex branes
A generalized complex (GC) structure on a smooth manifold X is an endo-
morphism I of the vector bundle TX⊕TX∨ which squares to −1, preserves
the obvious pseudoeuclidean metric on TX ⊕ TX∨, and is integrable, in a
certain sense (see Refs. [4, 5] for details). Any complex manifold is a GC
manifold, because one can set
I(I) =
(
I 0
0 −I∨
)
, (1)
where I is the complex structure tensor on X . One can easily check that I is
a GC structure. A symplectic form ω on X also gives rise to a GC structure;
one lets
I(ω) =
(
0 −ω−1
ω 0
)
.
Given a GC structure I and a closed 2-form B, one can get another GC
structure I ′ by letting
I ′ =M−1B IMB ,
where
MB =
(
1 0
B 1
)
.
This is called a B-field transform. For example, the B-field transform of the
GC structure Eq. (1) associated with a complex structure I is
I(I, B) =
(
I 0
BI + I∨B −I∨
)
.
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We will call such GC structures block-lower-triangular. Note that the lower-
left block is a 2-form of type (2, 0) + (0, 2), which is obtained from B by
subtracting its (1, 1) component.
In this paper an important role will be played by another class of GC
structures which will be called block-upper-triangular:
I =
(
α β
0 γ
)
.
It follows from the definition of the GC structure that α must be a complex
structure on X , γ = −α∨, and β must be a Poisson bivector of type (2, 0) +
(0, 2) whose (2, 0) part is holomorphic (with respect to the complex structure
α). That is, any block-upper-triangular GC structure must have the form
I(I, P ) =
(
I 4Im P
0 −I∨
)
where I is a complex structure and P is a holomorphic Poisson bivector on
X (the factor 4 was introduced for later convenience).
It has been argued in Refs. [6, 10] that to any GC manifold2 one can
associate a category of topological D-branes. In the case of the GC structure
I(I), this category is called the category of B-branes; it is believed that it is
equivalent to Db(X). In the case of the GC structure I(ω), it is called the
category of A-branes. In the case of the GC structure I(I, B) it is the derived
category of a gerbe over X , where the gerbe is determined by the (0, 2) part
of B. These special cases are familiar and have been extensively discussed in
the literature. It was argued in Ref. [6] that in the case of the GC structure
I(I, P ) depending on the holomorphic Poisson bivector P the category of GC
branes is equivalent to the derived category of a noncommutative deformation
of the complex manifold X . The deformation is parametrized by the bivector
P .
We will not repeat all the arguments in favor of the latter equivalence
here; it will be sufficient for our purpose to discuss the case of D-branes
which are line bundles on a torus X . Let ∇ be a connection on the line
bundle, and F = −i∇2 be its curvature 2-form. The GC condition requires
F to satisfy
FI + I∨F = FβF.
2More precisely, to any GC manifold admitting a generalized Ka¨hler structure, see e.g.
Ref. [10].
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In the case β = 0, this condition simply says that F is of type (1, 1). Thus for
a GC structure I(I) a line bundle on X can be regarded as a GC brane only
if it is holomorphic. For β 6= 0, the condition looks unfamiliar. However, as
observed in Ref. [6], one can bring this condition to a more familiar form by
performing the so-called Seiberg-Witten transform [16]. The Seiberg-Witten
transform is a 1-to-1 correspondence between gauge-equivalence classes of
connections on a commutative torus and a noncommutative torus of the same
dimension. The noncommutativity is controlled by an arbitrary constant
bivector θ. In our case, if one chooses θ to be 2ReP , the condition on the
curvature Fˆ of the noncommutative connection turns out to be
Fˆ I + I∨Fˆ = 0.
This means that Fˆ is of type (1, 1), i.e. the line bundle on the noncommu-
tative torus is holomorphic. Thus the Seiberg-Witten transform allows to
relate GC branes for a block-upper-triangular GC structure with B-branes
on a noncommutative complex manifold.
Note that one can reformulate the relation between P and θ as follows: θ
is a real bivector of type (2, 0) + (0, 2) whose (2, 0) part is equal to P . Then
β and θ are related by
β = −Iθ − θI∨, θ =
1
2
Iβ.
3 GC branes and B-branes on noncommuta-
tive complex manifolds
In this section we argue that in some cases the category of GC branes is
equivalent to a noncommutative deformation of the category of B-branes on
the same manifold.
3.1 The argument for the category of A-branes
Let (X,ω) be a symplectic manifold. Suppose it admits an A-brane which is
a line bundle on X with a unitary connection ∇. According to Ref. [2], the
curvature 2-form f = −i∇2 must satisfy the following condition:
fω−1f = −ω. (2)
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Equivalently, one can say that J = ω−1F must be an almost complex struc-
ture on X . One can show that J is automatically integrable [2]. Also, it is
easy to see that Ω = f + iω is of type (2, 0); it is also closed and nonde-
generate. Thus one can characterize a symplectic manifold X admitting an
A-brane as above in the following way: X must admit a complex structure J
and a holomorphic symplectic form Ω, such that Im Ω = ω, and the 2-form
f = Re Ω has periods which are integral multiples of 2π. The last condi-
tion ensures that f can be interpreted as the curvature 2-form of some line
bundle.
We are now going to argue that the category of A-branes for such a
symplectic manifold is equivalent to the noncomutative deformation of the
category of B-branes on the complex manifold (X, J) in the direction of the
holomorphic bivector Ω−1. The first step is to note that a B-field transform
by a closed 2-form whose periods are integral multiples of 2π induces an
equivalence of the corresponding categories of GC branes. For sigma-models
on a worldsheet without boundaries, this is a well-known statement. The
point is that shifting the B-field by a 2-form B multiplies the integrand in
the path-integral by a factor
exp i
∫
Σ
φ∗B
where φ is a map from the worldsheet Σ to the target X . Clearly, if Σ has
no boundaries, and B has periods in 2πZ, this is a trivial operation which
leaves the whole theory unchanged.
If Σ has boundaries (i.e. if we consider D-branes), then the above factor
is nontrivial. However, it has the same effect as tensoring all D-branes by
a line bundle whose curvature is B. Indeed, this operation mutliplies the
integrand by
exp i
∫
∂Σ
φ∗A = exp i
∫
Σ
φ∗(dA),
where A is the connection 1-form whose curvature is B. Clearly, tensoring
all D-branes by the same line bundle has no effect on spaces of open strings,
and therefore leave the category of topological D-branes unchanged.
Now let us apply this statement to the case of the GC structure I(ω),
where (X,ω) is as above. We take B = −f . The transformed GC structure
is
I ′ =
(
ω−1f −ω−1
ω + fω−1f −fω−1
)
.
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Taking into account Eq. (2), we see that this GC structure is block-upper-
triangular:
I ′ =
(
J −ω−1
0 −J∨
)
.
The corresponding bivector θ is
θ = −
1
2
ω−1fω−1 =
1
2
f−1.
Its (2, 0) part, which controls the noncommutativity of holomorphic coordi-
nates, is
P =
1
4
(f−1 − iω−1).
In terms of the holomorphic symplectic form Ω = f + iω, this means
P = Ω−1.
Recalling the proposal of Ref. [6] concerning the mathematical meaning
of the category of GC branes with a block-upper-triangular I, we conclude
that the category of A-branes on (X,ω) is equivalent to the noncommutative
deformation of the derived category of the complex manifold (X, J) by the
holomorphic bivector Ω−1. We will make this more precise below in the case
when X is a torus.
3.2 The argument for the category of GC branes
Suppose now that (X, I) is a GC manifold which admits a generalized B-
brane which is a line bundle on X with a unitary connection ∇. We can
always write I in the block form
I =
(
α β
γ −α∨
)
,
where α is a bundle map from TX to itself, β is a Poisson bivector on X ,
and γ is a 2-form on X (not necessarily closed).
According to Ref. [6], the curvature 2-form f = −i∇2 must satisfy the
following condition:
fα+ α∨f = fβf − γ.
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Let us perform a B-field transform of I by letting B = −f . The transformed
GC structure is
I ′ =
(
α− βf β
γ + fα+ α∨f − fβf fβ − α∨
)
We see that I ′ is block-upper triangular, therefore the endomorphism
J = α− βf
is a complex structure on X , while the bivector β must be of type (2, 0) +
(0, 2), and its (2, 0) part is a holomorphic Poisson bivector.
Since the B-field transform induces an equivalence of categories of topo-
logical D-branes, we conclude that the category of GC branes for the GC
manifold (X, I) is equivalent to the noncommutative deformation of the cat-
egory of B-branes on the complex manifold (X, J), where the noncommuta-
tivity is parametrized by β(2,0).
4 Special case: A-branes on a torus
4.1 Noncommutative complex tori
We argued above that for a certain class of holomorphic symplectic manifolds
the category of A-branes is equivalent to a noncommutative deformation of
the category of B-branes. For this result to be useful, one needs a work-
able description of B-branes on a noncommutative complex manifold. In
general, it is far from clear how to do this. It follows from the results of
Kontsevich [17] that for any holomorphic Poisson bivector there exists a cor-
responding formal deformation of the category of B-branes. In the present
case the Poisson structure is the inverse of a holomorphic symplectic struc-
ture, so one can describe this deformation fairly explicitly using the Fedosov
approach to deformation quantization [18]. Namely, according to Ref. [19]
given a holomorphic symplectic form on a Ka¨hler manifold X there is a
canonical deformation of the sheaf of holomorphic functions on X into a
sheaf of noncommutative algebras (over formal power series in the Planck
constant ~). A suitable category of sheaves of modules over this algebra is a
noncommutative deformation of the category of coherent sheaves on X , and
one can define the category of noncommutative B-branes to be its derived
category, in the usual way.
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Unfortunately, a formal deformation is not sufficient for our purposes.
Indeed, expansion in the powers of the Planck constant is the same as ex-
pansion in the powers of the Poisson bivector P = Ω−1; thus the contribution
of holomorphic instantons to the A-model correlators are of order
exp(−c/~)
for some constant c and are not captured by the formal deformation of the
category of B-branes. In general, it is unclear for which X an actual de-
formation (i.e. the one capturing terms exponentially small in the “Planck
constant”) exists.
In the case when X is a torus T 2n with a constant symplectic form ω, one
can do better. It is well-known that for any constant bivector θ on T 2n there
exists a deformation of the algebra of smooth functions on T n given by the
Wigner-Moyal product:
(f ⋆ g)(x) =
∫
dnp
(2π)n
dnq
(2π)n
f˜(p)g˜(q)e−
i
2
θ(p,q)e−ix(p+q), (3)
where
f˜(p) =
∫
dnx f(x)eipx, g˜(p) =
∫
dnx g(x)eipx.
Unfortunately, this formula is nonlocal and therefore it is not possible to
define a sheaf of noncommutative algebras on T 2n which would be an actual
(i.e. nonformal) deformation of the sheaf of smooth functions and would
agree with Eq. (3) on globally-defined functions. However, to define the
category of B-branes on a noncommutative complex torus one can proceed as
follows. First, we go to the universal cover of T 2n, which is R2n. Let A be the
algebra of C∞ functions on a noncommutative R2n. That is, it is the Wigner-
Moyal deformation of C∞(R2n). A vector bundle on a noncommutative R2n
is simply a free module of finite rank over the algebra A which is the Wigner-
Moyal deformation of C∞(R2n). For example, the bundle of differential forms
is the tensor product of A and the exterior algebra of R2n. This bundle is
graded in an obvious way and carries a differential of degree 1 (the usual
exterior derivative). This particular bundle is actually a differential graded
algebra, which is a noncommutative deformation of the de Rham DG-algebra
of R2n.
Given a complex structure I on R2n, we can decompose the bundle of
differential forms into (p, q) components Ωp,q. The de Rham differential de-
composes as d = ∂+ ∂¯, where ∂ has bidegree (1, 0) and ∂¯ has bidegree (0, 1).
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The algebra
Ω0,• = ⊕np=0Ω
0,p
equipped with ∂¯ is a noncommutative DG-algebra which can be regarded
as a deformation of the Dolbeault DG-algebra of Cn. We will denote this
DG-algebra B.
A holomorphic structure on a vector bundle E over the noncommutative
Cn is the structure of a B-module on E ⊗A Ω
0,•. That is, it is a linear map
∂¯E : E ⊗A Ω
0,• → E ⊗A Ω
0,•+1
satisfying
∂¯E(α · s) = (∂¯α) · s+ (−1)
|α|α · ∂¯Es, ∀s ∈ E, ∀α ∈ Ω
0,•,
as well as
∂¯2E = 0.
Since holomorphic vector bundles on Cn are a special kind of DG-modules
over B, they form a DG-category. Then we consider the category of twisted
complexes for this DG-category and the corresponding homotopy category,
and declare the latter to be the category of B-branes on the noncommutative
C
n.
In order to define the category of B-branes on a noncommutative complex
torus T 2n, we recall that T 2n is obtained as a quotient of Cn by Z2n and
equivariantize everything in sight with respect to this Z2n action. That is,
vector bundles on Cn are now equipped with an action of Z2n compatible
with the A-module structure, and morphisms are required to commute with
this action.
The reason we think this definition of the category of noncommutative
B-branes is the correct one is the following. In the physical approach to
B-branes, coherent sheaves do not appear at all. What usually appears is
the Dolbeault resolution of a holomorphic vector bundle (or a complex of
holomorphic of vector bundles). Therefore it is natural to use Dolbeault
resolutions in the noncommutative case as well. A similar approach to the
definition of the derived category of a noncommutative complex torus was
advocated by Jonathan Block [20].
Noncommutative tori with complex structures and holomorphic vector
bundles on them have been studied recently by Polishchuk and Schwarz [21].
However, in that paper the Poisson bivector is of type (1, 1) rather than of
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type (2, 0). In other words, the holomorphic coordinates still commute, but
the antiholomorphic ones do not commute with the holomorphic ones. The
category of B-branes is unaffected by such noncommutativity and coincides
with the derived category of the commutative torus.
4.2 A simple test of the proposal
In this subsection we perform a simple consistency check on our proposed
description of the category of A-branes on a holomorphic symplectic torus
(X,ω). Suppose that we are given a pair of line bundles L1,L2 with connec-
tions on such a torus such that the curvatures of the connections satisfy the
condition
Fω−1F = −ω.
That is, L1 and L2 are A-branes. We would like to compute the Euler
characteristic of the space of morphisms between these two objects of the
A-brane category. One simple way to do this is to apply mirror symmetry
and make use of the Hirzebruch-Riemann-Roch theorem. According to this
theorem, the desired Euler characteristic is given by
〈ch(E1), ch(E2)〉,
where E1 and E2 are mirrors of our two line bundles, ch denotes the Chern
character, and the angular brackets denote the Mukai pairing (in the even
cohomology of the mirror torus Xˇ):
〈η, ξ〉 = (−1)p
∫
Xˇ
η · ξ, η ∈ H2p(Xˇ), ξ ∈ H2q(Xˇ).
We can simplify this further by noting that the Chern character transforms
very simply under any T-duality (including mirror symmetry). Suppose X =
A×B, where A and B are tori. T-dualizing A gives us the torus Xˇ = Aˆ×B.
On A×Aˆ we have the Poincare` line bundle whose Chern character we denote
P. The Chern character of a brane transforms under T-duality as follows:
chX 7→
∫
A
chX · P.
One can easily check that the Mukai pairing is invariant under T-duality, up
to a sign. Thus, up to a sign, the Euler characteristic is also given by the
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Mukai pairing of the Chern characters of our two line bundles L1 and L2 on
X .
On the other hand, we can try to compute the space of morphisms and
its Euler characteristic by applying the B-field transform and the Seiberg-
Witten transform, as described in the preceding sections. Then one gets a
pair of holomorphic line bundles on a noncommutative torus, and the space
of morphisms between them is, by definition, noncommutative ∂¯ cohomol-
ogy. Although we do not know of a suitable “noncommutative Hirzebruch-
Riemann-Roch theorem,” we can use the following trick to compute the Eu-
ler characteristic of the space of morphisms. First, we can reinterpret the
computation as the index computation for a twisted Dirac operator on the
noncommutative torus. This works in exactly the same way as in the com-
mutative case. Then we recall that our noncommutative line bundles were
obtained from certain commutative line bundles by means of the Seiberg-
Witten transform with some particular bivector θ. Let us scale this bivector
to zero. In the limit of vanishing noncommutativity, we go back to our orig-
inal commutative line bundles L1 and L2. The Dirac index in this limit is
given by the Mukai pairing of their Chern characters, by the usual Atiyah-
Singer theorem. On the other hand, the index is an integer, and cannot
change under continuous deformations. Thus we conclude that the Euler
characteristic of the space of morphisms between noncommutative holomor-
phic line bundles is equal to the Mukai pairing of the Chern characters of the
corresponding commutative line bundles L1 and L2. This agrees with the
result obtained by means of mirror symmetry.
5 Concluding remarks
It would be interesting to further test the proposed equivalence of the cat-
egory of A-branes and the category of noncommutative B-branes by com-
puting spaces of morphisms in some special cases. It would be especially
interesting to do this when at least one of the two A-branes is represented by
a Lagrangian submanifold. It is not clear what the analogue of the Seiberg-
Witten transform for Lagrangian A-branes is, but if our proposal is correct,
the result should be a complex of noncommutative holomorphic vector bun-
dles.
It is amusing to note that the situation considered in this paper (ω is
an imaginary part of a holomorphic symplectic form whose real part is the
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curvature of a line bundle) is reminiscent of the theory of geometric quantiza-
tion. In the latter theory, one starts with a symplectic manifold X such that
the periods of the symplectic form are integral multiples of 2π. In our case,
as explained above, the symplectic form controlling the noncommutativity is
2f , where f is the curvature of a line bundle, and therefore the periods of the
symplectic form are integral multiples of 4π. The next step in the theory of
geometric quantization is to find a complex structure with respect to which f
has type (1, 1) and then consider holomorphic sections of the corresponding
line bundle. It would be interesting to understand the significance of these
manipulations for the category of A-branes.
Recently it was observed that spaces of morphisms between coisotropic
A-branes on symplectic tori have a natural structure of modules over real
noncommutative tori [22]. It would be interesting to understand the precise
relation between this result and the observations of the present paper.
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